Let K be a commutative compact hypergroup and L 1 (K) the hypergroup algebra. We show that L 1 (K) is amenable if and only if π K , the Plancherel weight on the dual space K, is bounded. Furthermore, we show that if K is an infinite discrete hypergroup and there exists α ∈ K which vanishes at infinity, then
Banach * -algebra of integrable functions on K with respect to its Haar measure m, where the convolution and involution of f , g ∈ L 1 (K) are given by f * g(x) = K f (y)Tỹg(x)dm(y) (m-a.e.) and f * (x) = f (x) respectively. If K is discrete, then L 1 (K) has an identity element; otherwise L 1 (K) has a bounded approximate identity, i.e. there exists a bounded net {e i } i of functions in L 1 (K), e i 1 ≤ M, M > 0, such that f * e i − f 1 → 0 as i → ∞. The dual of L 1 (K) can be identified with the usual Banach space L ∞ (K), and its structure space is homeomorphic to the character space of K, i.e.
α(e) = 1, p(x, y)(α) = α(x)α(y), ∀ x, y ∈ K equipped with the compact-open topology. X b (K) is a locally compact Hausdorff space. Let K denote the set of all hermitian characters α in X b (K), i.e. α(x) = α(x) for every x ∈ K, with a Plancherel measure π K . Observe that K in general may not have the dual hypergroup structure and a proper inclusion in supp(π K ) ⊆ K ⊆ X b (K) is possible. If K is compact, then the dual space is unique and it is dense in C(K) (see [4, 8] ). The Fourier-Stieltjes transform of µ ∈ M(K), µ ∈ C b ( K), is given by µ(α) := K α(x)dµ(x). Its restriction to L 1 (K) is called the Fourier transform. We have f ∈ C 0 ( K), for f ∈ L 1 (K), and the map α → I(α) := ker(ϕ α ) is a bijection of K onto the space of all maximal ideals of L 1 (K), where ker(ϕ α ) denotes the kernel of the homomorphism ϕ α ( f ) = f (α) on L 1 (K); see [5] . Let X be a Banach L 1 (K)-bimodule and α ∈ K. In a canonical way the dual space X * is a Banach L 1 (K)-bimodule. The module X is called a α-left L 1 (K)-module if the left module multiplication is given by f · x = f (α)x, for every f ∈ L 1 (K) and x ∈ X . In this case, X * turns out to be a α-right [5] ). As shown in [9] , L 1 (K) is amenable if it admits a bounded approximate diagonal, i.e. a bouned net
The amenability of L 1 (K) is also equivalent to the existence of a virtual diagonal,
and L 1 (K), respectively, and π * * is the second adjoint of π. We also define π 1 , π 2 :
, respectively, when K is discrete. One can easily verify that the π i maps are isometric and
As already mentioned, in this paper we deal with the amenability problem of compact and discrete hypergroup algebras. The results are organized as follows. We first show that a compact hypergroup algebra L 1 (K) is amenable if and only if the Plancherel weight π K on K is bounded (Theorem 1.1). Moreover, we show that every closed ideal of L 1 (K) has an approximate identity (Theorem 1.7). We then discuss amenability of non-compact discrete hypergroup algebras. Let K be a discrete hypergroup and α ∈ K. If α vanishes at infinity, then L 1 (K) is not amenable; in the case of π K ({α}) = 0, particularly, the algebra L 1 (K) is not even α-left amenable (Theorem 2.1). Using our theorems, we finally examine the amenability of hypergroup algebras of various compact and discrete hypergroups.
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Amenability of Compact Hypergroup Algebras
As it is already shown in [2] , if K is a hypergroup of conjugacy classes of a compact connected Lie group, then L 1 (K) is amenable if and only if the dimension of irreducible unitary representations of the group is bounded. In the following theorem we show that the statement remains valid in general. Theorem 1.1. Let K be a compact hypergroup. Then L 1 (K) is amenable if and only if the Plancherel weights on K is bounded, i.e., there exists a c > 0 such that π K ({α}) < c for all α ∈ K.
Before proceeding to the proof of this theorem, let us first discuss the existence of and pertinent topics to the approximate diagonals for compact hypergroup algebras.
We observe that since the convolution map
is considered with the weak * topology), a hypergroup algebra
, and the convolution map π :
Obviously we haveπ(
Henceπ is a homomorphism.
, where e n = ∑ ∞ m=0 a n m α m such that a n m = 0 except for finitely many m. Then
, and
Proof. Let {U ′ n } be a family of neighborhoods of the identity element e. Then the sequence
we may choose e n = ∑ ∞ m=0 a n m α m , where a n m = 0 except for finitely many m. Therefore,
as n → ∞.
We now show that
which is also a bounded approximate identity for L 1 (K) and
We now use the idea in the proof of [2, Theorem 1.6] to establish the following lemma in its analogy. Lemma 1.3. Let K be a compact hypergroup and {M n } as in Lemma 1.2. Then the following statements are equivalent:
Suppose {e n } to be as above and
Hence, from the orthogonality of characters it follows that c n m (ii) → (iii). Since the algebra L 1 (K ′ ) can be canonically embedded in M(K ′ ), it follows from Banach-Alaoglu's theorem that {M n } n has a weak
and, in particular,π
It follows from the inverse of the Fourier transform [4] thatπ(µ) = δ e . We see, in
Let {e ′ n } n be a bounded approximate identity in L 1 (K ′ ) and assume M to be a weak
And, if E is a weak * -limit point of {π(e ′ n )}, fromπ(µ) = δ e and (1) it follows that
We obviously see that
We now prove Theorem 1.1 as follows:
Proof of Theorem 1.1. First assume that L 1 (K) is amenable and in contrary there exists a sequence
It is worth noting that by the inverse of Fourier transform we haveF
and from Plancherel's theorem (see [4] ) we deduce that π({α i }) =
> 0. By previous theorem there exists a µ ∈ M(K ′ ) such that
which is a contraction. To prove the converse of the theorem, let sup α∈ K π K ({α}) < c for some c > 0. Since {M n } is an approximate diagonal for L 1 (K ′ ) (Lemma 1.2), by previous lemma it suffices to show that {M n } is bounded. For any f , g ∈ C(K) we have
The latter inequality follows from Plancherel and Cauchy-Schwartz's theorems. Therefore L 1 (K) is amenable.
Following [3] we say L 1 (K) is weakly amenable if every continuous derivation of L 1 (K) into L ∞ (K) is zero. In contrast to the amenability of L 1 (K) we show that L 1 (K) is always weakly amenable when K is compact.
As already mentioned since L 1 (K), a compact hypergroup algebra, is α-left amenable in every α ∈ K, the maximal ideals of L 1 (K) possess bounded approximate identities; see [1, 1.2] . In the sequel, similar to the compact group case in [14] , we show that closed ideals in L 1 (K) contain approximate identities. (ii) I α ⊆ J if and only if f (α) = 0, for some f ∈ J, and (iii) the map α → I α is bijective from K onto the set of all minimal ideals of
(iii) Since J = {0}, there exist f ∈ J and α ∈ K such that f (α) = 0. By (ii) we have I α ⊆ J, consequently J = I α as J is a minimal ideal. Corollary 1.6. The proper closed ideals of L 1 (K) are exact the family {I P : P ⊂ K}, where I P denotes the closure of the linear span of P in L 1 (K). Different closed subsets of K generate in this way different closed ideals. Theorem 1.7. Let K be a compact hypergroup. Then every closed ideal of L 1 (K) has an approximate identity.
Proof. Let J be a closed ideal in L 1 (K) and {e n } a bounded approximate identity for L 1 (K), as in Lemma 1.2. By Corollary 1.6 there exists a subset P of K such that J = I P . Define
Clearly h n ∈ J = I P and for each g ∈ I P we have
which implies that h n * g = e n * g. Since {e n } is a bounded approximate identity for L 1 (K), so {h n } is an approximate identity for J = I P .
Amenability of Discrete Hypergroup Algebras
In [1, Theorem 2.1] we showed that if a character α of a polynomial hypergroup vanishes at infinity, then the hypergroup algebra can not be α-amenable. In the following theorem we generalize this fact to discrete hypergroups.
Theorem 2.1. Let K be a discrete hypergroup and
Proof. Let us first assume α ∈ C 0 (K) with π K ({α}) = 0 and in contrary L 1 (K) is α-left amenable. Then by [1, Theorem 1.2] I(α) has a bounded approximate identity, say {e i } i∈J with e i 1 ≤ M for some M > 0. Let m α be the w * -limit of {e i } in L 1 (K) * * . By [13, Lemma 2] , { e i } converges uniformly to the identity character in K and m α (α) = 0. Since π K is a regular measure on K, there exists an open neighbourhood
for all β ∈ U α c and i ≥ i 0 . Since
for all β ∈ K, we have
Due to the Plancherel theorem we have e i − δ e → 0 when i → ∞. Hence for every
The latter inequality shows that m α ( f ) = f (e) for all f ∈ C 0 (K). In particular m α (α) = α(e) = 1 which is a contradiction. Therefore
It is easy to see that Y is a Banach L 1 (K)-bimodule with respect to the above module multiplications. Since α ∈ C 0 (K), α ⊗ 1 ∈ C 0 (K ′ ) and the maximal ideal generated by this character in M(K ′ ) can be regarded as a dual L 1 (K)-bimodule. To see this, let X := {ϕ ∈ C 0 (K ′ ) * : ϕ(α ⊗ 1) = 0}, and let ϕ → µ ϕ denote the Riesz's duality (C 0 (K ′ ) * ∼ = M(K ′ )). We note that since K ′ is discrete, the algebra
Since X is a (weak- * ) closed subset of C 0 (K ′ ) * , by [3, Proposition 1.3] X is a dual module with respect to the module multiplications. We can now define the continuous linear operator D :
Therefore D is a derivation. By assumption there exists a ϕ ∈ X such that
which is a contradiction. Therefore L 1 (K) is not amenable.
Examples (i) Hypergroups associated to the center of group algebras
Let G be a non-abelian compact connected Lie group and K the hypergroup of conjugacy classes of G. The center of L 1 (G) is isometrically isomorphic to L 1 (K); see [10] . There exists a sequence consisting of irreducible unitary representations of G such that their dimensions tend to infinity. Therefore, by Theorem 1.1, L 1 (K) is not amenable (see also [2, Theorem.1.7] ).
(ii) Compact P * -hypergroups These hypergroups are due to Dunkl and Ramirez [6] . Let 0 < a ≤ 1 2 and H a = N 0 ∪ {∞} denote the one point compactification of N 0 = N ∪ {0}. Let δ ∞ be the identity element of H a ,ñ = n for all n ∈ H a , and define δ n * δ m = δ min(n,m) for m = n ∈ N and δ n * δ n (l) =    0, l < n;
The Plancherel measure of H a is given by
Since π(k) → ∞ as k → ∞, by Theorem 1.1 L 1 (H a ) is not amenable. Also note that from [6] we have N 0 \ {1} ⊂ L 1 ∩ L 2 (N 0 ), so by Theorem 2.1 L 1 (N 0 ) is not amenable but α-left amenable in every α ∈ N 0 (see [1, 11] ).
(iii) Dual of Jacobi polynomial hypergroups Let K be Jacobi polynomial hypergroup {P (α,β ) n (x)} n∈N 0 of order (α, β ), where α ≥ β > −1, α + β + 1 ≥ 0; see [4] . The Haar weights are given by h(0) = 1, h(n) = (2n + α + β + 1)(α + β + 1) n (α + 1) n (α + β + 1)n!(β + 1) n , for n ≥ 1, (3) where ( 
